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The Generalized Uncertainty Principle and the related minimum length are normally considered in
non-relativistic Quantum Mechanics. Extending it to relativistic theories is important for having a
Lorentz invariant minimum length and for testing the modified Heisenberg principle at high energies.
In this paper, we formulate a relativistic Generalized Uncertainty Principle. We then use this to
write the modified Klein-Gordon, Schro¨dinger and Dirac equations, and compute quantum gravity
corrections to the relativistic hydrogen atom, particle in a box, and the linear harmonic oscillator.
I. INTRODUCTION
Theories of Quantum Gravity, such as String Theory
[1–3], Loop Quantum Gravity [4–7] as well as Doubly-
Special Relativity theories [8, 9], have one thing in com-
mon: they all predict a minimum measurable length or
a scale in spacetime. This is in direct contradiction with
the Heisenberg uncertainty principle [10], since the lat-
ter allows for infinitely small uncertainties in position.
Phenomenological approaches to Quantum Gravity can
describe the existence of such a minimal length via the
so-called Generalized Uncertainty Principle (GUP) [11–
17]. While the minimum length, normally considered to
be the Planck length, ℓPl = 10
−35 m, signifies the scale
at which quantum gravity effects would become mani-
fest, one is faced with the problem that theories incorpo-
rating a minimum length break Lorentz covariance, sim-
ply because a measured length is not a Lorentz invariant
quantity. This effectively chooses a special frame of ref-
erence, bringing back the notion of an aether. Because
of this difficulty, GUP models so far have been mainly
considered in non-relativistic theories with few attempts
in relativistic theories and quantum field theory [18–28].
In the present work, we study this aspect and propose
a Lorentz covariant GUP which reduces to its familiar
non-relativistic versions at low energies, and incorporates
a minimum length.
This paper is organized as follows. In Section II, we
start with the most general quadratic GUP (i.e. only
quadratic terms in momenta), and do a relativistic gener-
alization thereof, similar to [29]. We proceed to calculate
the Poincare´ algebra associated with the newly defined
position and momentum, along with the corresponding
Casimir operators. We then show that the correspond-
ing algebras are unmodified for a certain range of pa-
rameters. In Section III, using the modified dispersion
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relation, we compute GUP corrections to the modified
Klein-Gordon, relativistically corrected Schro¨dinger and
the Dirac equations. Finally, we apply them to a set of
experiments to impose bounds on the GUP parameters.
In Section IV, we present a summary of the results and
a list future works.
II. RELATIVISTIC GENERALIZED
UNCERTAINTY PRINCIPLE
We start from the algebra for position xi and mo-
mentum pi proposed in [11], giving us the well-known
quadratic GUP
[xi, pj ] = i~δij
(
1 + f(~p 2)
)
. (1)
In the above, i , j ∈ {1, 2, 3}, and Eq.(1) is non-
relativistic. In [11], the authors show that the position
operators obey the following commutation relation
[xi, xj ] = −i~f ′(~p2) (xipj − xjpi) . (2)
Then, considering f(~p2) = β1~p
2, they proceed calculat-
ing the minimal uncertainty in position corresponding
to that uncertainty relation, finding ∆xmin = ~
√
β1.
Inspired by [29], we will expand this algebra to the
full Minkowski spacetime, with the following signature
{−,+,+,+}. In particular, we will consider the follow-
ing commutator
[xµ, pν ] = i~
(
1 + (ε− α)γ2pρpρ
)
ηµν+i ~(β+2ǫ)γ2pµpν ,
(3)
where µ , ν ∈ {0, 1, 2, 3} and α, β, ε, and ξ are dimension-
less parameters which can be used to fix the particular
model 1 . We will assume the parameter γ, with dimen-
sions of inverse momentum, to be γ = 1cMPl , where MPl
is the Plank mass. In this way, the minimal length will
1 The parameters used in [11] and [29] are related to the ones used
here as follows: β1 = (α + ε)γ2 and β2 = (β + 2ε)γ2.
2be associated with the Planck length. Note that Eq.(3)
reduces in the non-relativistic (c → ∞) limit to Eq.(1)
and in the non-GUP limit (γ → 0) limit to the stan-
dard Heisenberg algebra. Note also that, while xµ and
pν are the physical position and momentum, they are not
canonically conjugate. Therefore, we introduce two new
4-vectors, xµ0 and p
ν
0 which are canonically conjugate,
such that
pµ0 =− i~
∂
∂x0µ
, [xµ0 , p
ν
0 ] =i~η
µν . (4)
and in terms of which the physical position and momen-
tum can be written, up to second order in γ, as follows
xµ = xµ0 − αγ2pρ0p0ρxµ0 + βγ2pµ0pρ0x0ρ + ξγ2pµ0 , (5)
pµ = pµ0 (1 + εγ
2pρ0p0ρ) . (6)
Using Eqs.(5) and (6), we get
[xµ, xν ] = i~γ2
2α+ β
1 + (ε− α)γ2pρpρ (x
µpν − xνpµ) . (7)
Therefore as in [11], in this case too one arrives at a non-
commutative spacetime. We also notice that the above
algebra does not close and as a result does not have a
corresponding Lie manifold.
Note also that the last two terms in Eq.(5) break
isotropy of spacetime by introducing the preferred direc-
tion of pµ0 . Since this violates the principles of relativity,
we will assume that β = ξ = 0 from now on.
A. Lorentz and Poincare´ algebra
Using Eqs.(5) and (6), we now construct the generators
of the Lorentz group
Mµν = pµxν − pνxµ = [1 + (ε− α)γ2pρ0p0 ρ] M˜µν , (8)
where M˜µν = pµ0x
ν
0−pν0xµ0 is the Lorentz generators con-
structed from the canonical variables x0 and p0. Next we
compute the Poincare´ algebra for the physical operators
[xµ,Mνρ] = i~[1 + (ε− α)γ2pρp ρ] (xνδµρ − xρδµν)
+ i~2(ε− α)γ2pµMνρ (9)
[pµ,Mνρ] = i~[1 + (ε− α)γ2pρp ρ] (pνδµρ − pρδµν) ,
(10)
[Mµν ,Mρσ] = i~
(
1 + (ε− α)γ2pρp ρ
)
(ηµρMνσ
− ηµσMνρ − ηνρMµσ + ηνσMµρ) . (11)
Inspecting Eqs.(9,10,11), we see that on the line ε = α
in the parameter space, one has a non-trivial relativistic
GUP with an unmodified Poincare´ algebra. We will re-
strict ourselves to this choice for the rest of the article,
for which the GUP algebra and the non-commutativity
of spacetime follows from Eqs.(3) and (7), respectively:
[xµ, pν ] = i~
(
ηµν + 2αγ2pµpν
)
, (12)
[xµ, xν ] = −2i~αγ2 (xµpν − xνpµ) , (13)
where α > 0. Notice that for any one-dimensional spatial
component, Eq.(12) above reduces to Eq.(1) [11] and the
quadratic part of Eq.(1) of [12] (up to an unimportant
numerical factor). It is interesting to note that algebras
Eqs.(12) and (13) have similarities to the ones proposed
in [30]. We will study further implications of the above
in the following sections.
III. APPLICATIONS
For the case ε = α, Eqs. (5) and (6) take the following
form,
xµ = xµ0 (1− αγ2pρ0p0ρ) (14)
pµ = pµ0 (1 + αγ
2pρ0p0ρ) . (15)
As we showed earlier, since now the the definition ofMµν
in terms of the physical position and momentum, xµ and
pµ, as well as the Poincare´ algebra, remains unchanged,
the squared physical momentum pρpρ is again a Casimir
invariant, commuting with every other operator in the
group. Using this, we can derive the dispersion relation
and the Klein-Gordon (KG) equation. It takes the fol-
lowing form
pρpρ = −(mc)2, (16)
or, in terms of the variables pµ0 ,
pρ0p0ρ(1 + 2αγ
2pσ0p0σ) = −(mc)2 , (17)
where m is the mass of the particle. Observe that using
Eq.(4), the KG equation now is a fourth order equation,
with four linearly independent solutions. Solving Eq.(17)
for pρ0p0ρ, we obtain
pρ0p0ρ= −
1
4αγ2
+
√
1
(4αγ2)
2
− (mc)
2
2αγ2
(18)
≃ −(mc)2 − 2αγ2(mc)4 −O (γ4) , (19)
where we have discarded the other solution since it does
not reduce to (mc)2 in the γ → 0 limit. In this process,
we also lose two remaining solutions of the fourth order
equation (17). As was shown in [12], including those
solutions introduced very small corrections and we will
ignore them in this paper. In the next three subsections,
we study applications of the above equation as well as the
GUP-modified Dirac equation for a number of quantum
systems.
A. Klein-Gordon equation
Writing Eq.(19) as an operator equation on the wave-
function Ψ and using Eq.(4), we obtain the following
GUP-modifed Klein-Gordon equation:
1
c2
∂2
∂t20
Ψ−∇20Ψ+
1
~2
[
(mc)2 + 2αc4γ2m4
]
Ψ = 0 . (20)
3It is worth noticing that in the limit γ → 0, the above
equation reduces to the standard KG equation. More-
over, the solutions of the modified equation have the same
form of the standard one but with modified parameters.
1. Energy spectrum for Relativistic Hydrogen atom
Introducing the minimal coupling [31, 32]
∂
∂x0ρ
→ ∂
∂x0ρ
+
ie
~
Aρ (21)
and the Hydrogen atom nuclear potential in Coulomb
gauge
Aρ =
{
e
4πε0 r
, 0, 0, 0
}
, (22)
in Eq.(20), we obtain the GUP modified Klein-Gordon
equation for the Hydrogen atom
−
(
i
∂
∂t0
+ c
κ
r
)2
Ψ− c2∇20Ψ
+
c2
~2
[
(mc)2 + 2αγ2(mc)4
]
Ψ = 0, (23)
In the above, κ = e2/4πǫ0~c is the fine structure con-
stant. The solution of Eq.(23) in spherical coordinates is
of the form [33]
Ψnlm = Rnl(r)Ylm(θ, φ) e
−E0 nlt/~ , (24)
where the Rnl(r) are spherical Bessel functions and
Ylm(θ, φ) the spherical harmonics. The energy levels for
these solutions are given as
E0nl =
(
mc2 + αγ2m3c4
) [
1 +
κ2
(n+ 1− η)2
]−1/2
,
(25)
where
η =
1
2
±
√(
l +
1
2
)2
− κ2, (26)
where the minus sign recovers the standard Hydrogen
atom spectrum from Eq.(25) in the non-relativistic limit,
with the identification N ≡ n+1−η for the the hydrogen
atom energy level. Expanding Eq.(25) in powers of κ2,
we find
E0N =
(
mc2 + αγ2m3c4
)− κ2
(
mc2
)
2N2
+
3κ4
(
mc2
)
8N4
+
3κ4
(
αγ2m3c4
)
8N4
− κ
2
(
αγ2m3c4
)
2N2
.
(27)
We now translate these corrections to E0 (the 0
th com-
ponent of pµ0 ) to corrections to E (the 0
th component of
pµ or the physical momentum), using the appropriate
component of Eq.(15), namely
E =E0
(
1 + αγ2pρ0p0 ρ
)
=E0
[
1− αγ2(mc)2]+O(γ4), (28)
to obtain
EN =
(
mc2
)− κ2
(
mc2
)
2N2
+
κ4
(
mc2
)
8N4
(29)
As evident from the above equation, all the GUP cor-
rections of γ2 vanish. It is important to clarify that the
Casimir still remains modified which will give modified
results in field theory. Furthermore, including the re-
maining two solutions of the fourth order equation (17)
may give rise to GUP corrections. We will investigate
this elsewhere
B. Schro¨dinger equation with relativistic and GUP
corrections
We can write Eq. (19) as
− E20 + c2~p20 + (mc2)2 + 2αγ2m4c6 = 0. (30)
We now expand it to fourth order in ~p0 and second order
in γ to obtain
E0 =mc
2
(
1 + αγ2(mc)2
)
+
~p20
2m
(
1− 1
2
αγ2(mc)2
)
− ~p
4
0
8m3c2
(
1− 3αγ2(mc)2) . (31)
Next, using Eq. (28), we get the expression for the phys-
ical energy
E = mc2 +
~p20
2m
[
1− 3
2
αγ2(mc)2
]
− ~p
4
0
8m3c2
[
1− 4αγ2(mc)2] , (32)
which consists of the rest mass, non-relativistic kinetic
energy, relativistic and GUP corrections.
Next, the operator version of Eq.(31), using E0 = i~
∂
∂t0
and ~p0 = −i~~∇0, and including a potential V (~x), yields
the modified Schro¨dinger equation with relativistic and
GUP corrections
i~
∂
∂t0
Ψ(t0, ~x0) =
[
mc2
(
1 + αγ2m2c2
)
+
(−i~)2
2m
(
1− 1
2
αγ2m2c2
)
∇20
− (−i~)
4
8m3c2
(
1− 3αγ2m2c2)∇40 + V (~x)
]
Ψ(t0, ~x0) . (33)
Omitting the rest energy term, we apply the above equa-
tion to a couple of problems.
41. Corrections for particle in a box
Using Eq.(31), we can write the Schro¨dinger equation
with relativistic and GUP corrections. Let us first con-
sider a 1+1-dimensional case with the following potential
V (x) =
{
V0 for 0 < x < L,
∞ for x ≤ 0 ∪ x ≥ L. (34)
Including the potential in Eq.(31), we obtain the
Schro¨dinger equation for one dimensional particle in a
box plus small perturbations.
Consider the wave function for the unperturbed (γ =
0, c→∞) case
Ψn(t0, ~x0) =
√
2
L0
sin
(
nπ
L0
x0
)
e−iωn t0 . (35)
From Eq.(14), one can read-off the physical dimensions
of the box to be
L = L0(1 + αγ
2(mc)2 +O(γ4)) . (36)
The corrected spectrum of E0 is
E0n = − 1
2m
(
nπ~
L0
)2 [
1− 1
2
αγ2(mc)2
]
+
~
4
8m3c2
(
nπ
L0
)4 [
1− 3αγ2(mc)2] , (37)
Using Eq.(28), we translate this to the following expres-
sion for the physical energy
En = − 1
2m
(
nπ~
L
)2 [
1 +
3
2
αγ2(mc)2
]
− ~
4
8m3c2
(nπ
L
)4
. (38)
The first term corresponds to the non-relativistic energy
with GUP-corrections, while the last to relativistic cor-
rections.
The results of this section can be applied to experi-
ments measuring directly the energy levels of quantum
dots. Comparing GUP corrections to the unperturbed
energy term found above and equating to the accuracy of
experiments measuring the energy levels of single quan-
tum dot [28], we get
∆En
En
=
2
3
αγ2m2c2 ∼ α10−42 . 10−1 . (39)
From this, one gets an upper bound on α
α . 1041 . (40)
2. Corrections to the linear harmonic oscillator
Next, we include the harmonic oscillator potential in
Eq.(31)
V (x) =
1
2
mω2 x2 . (41)
This gives rise to the following E0
E0 =
p20
2m
+
1
2
mω2x20[1 + 2αγ
2(mc)2]
− p
2
0
4m
(
αγ2m2c2
)− p40
8c2m3
+
3p40
8m
αγ2. (42)
For the first order correction in perturbation theory, we
obtain
E0n = ~ω
(
n+
1
2
)(
1 +
1
2
αγ2m2c2
)
− ~
2ω2
32mc2
(
1− 3αγ2m2c2) [5n(n+ 1) + 3] . (43)
From this, using Eq.(28), we find for the physical energy
En = ~ω
(
n+
1
2
)(
1− 1
2
αγ2m2c2
)
− ~
2ω2
32mc2
(
1− 4αγ2m2c2) [5n(n+ 1) + 3] . (44)
Similar to the calculations for Landau levels done in
[16], we use experiments to put bounds on α
∆En
En
= −3
4
αγ2m2c2 ∼ α 10−44 . (45)
Equating this to the accuracy of direct measurements of
Landau levels [34, 35], we get
α 10−44 ≤ 10−3 ⇒ α ≤ 1041. (46)
It is worth noting that this is several orders smaller than
that was obtained in [16].
C. Dirac equation and GUP corrections
Starting from Eq.(18), working in the following signa-
ture {+,−,−,−} signature, and considering the follow-
ing Dirac matrices
τ0 =
(
I 0
0 −I
)
, τ i =
(
0 σi
σi 0
)
, (47)
we get the following GUP-modified Dirac equation
i~τµ
∂
∂xµ0
Ψ−

τ0
√√√√ 1
4αγ2
−
√
1
(4αγ2)
2
− (mc)
2
2αγ2

Ψ = 0 ,
(48)
Truncating to O(γ2), we get
i~τµ∂µΨ− τ0(mc+ αγ2m3c3)Ψ = 0. (49)
51. Hydrogen atom
Using Eqs.(21) and (22) for minimal coupling and
Coulomb potential, from Eq.(49) we get[
iτµ
∂
∂xµ0
− e
~
τµAµ − τ0 (mc+ αγ
2m3c3)
~
]
Ψ = 0, (50)
with the solution
Ψ(t, r, θ, φ) = T (t)
1
r
(
F (r)Yjm(θ, φ)
i G(r)Y ′jm(θ, φ)
)
. (51)
In the above, F (r) and G(r) are spherical Bessel func-
tions, and Yjm and Y
′
jm are the spherical spinors. Fol-
lowing [36], we find the energy spectrum
E0nj = (mc
2+αγ2m3c4)
[
1 +
κ2
(n− j − 1
2
)2
]−1/2
, (52)
where again κ = e2/4πε0~c is the fine structure constant.
Expanding the above equation in Taylor series in κ, we
get
E0N =(mc
2 + αγ2m3c4)− mc
2κ2
2N2
− αγ
2m3c4κ2
2N2
+
3mc2κ4
8N4
+
αγ2m3c4κ4
8N4
. (53)
As before, using Eq.(28), we get for the physical energy
spectrum EN
EN = mc
2 − mc
2κ2
2N2
+
3mc2κ4
8N4
, (54)
Once again, we can see that the GUP modifications van-
ish for the physical energy.
IV. CONCLUSION
In this article, we proposed a method of incorporat-
ing minimal length in relativistic quantum mechanics.
We achieved this by expanding proposing a Generalized
Uncertainty Principle to include both space and time.
As a result, we obtained a non-commutative spacetime.
For a set of GUP parametes, the Poincare´ algebra re-
mained unchanged, albeit with a modified Casimir oper-
ator. We use this Casmir to write down GUP-modfied
quantum mechanical wave equations and applied them
to several examples estimate upper bounds on the GUP
parameter. We found GUP corrections in the case of the
relativistically corrected Schro¨dinger equation, but did
not find GUP corrections in the few applications of the
Klein-Gordon and Dirac equations. We believe GUP cor-
rections will result in the case of the last two for other
problems. Furthermore, this work is an important step
in the application of a covariant GUP to Quantum Field
Theory. The GUP-modified actions therein will predict
corrections to various scattering amplitudes . We hope
to report on this elsewhere.
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